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Abstract-In this study, a comprehensive methodology is developed for computing the radiative emission 
of a generalized enclosure containing an absorbing, emitting, scattering medium. The principle of reciprocity 
in radiative transfer provides the basis for a reverse Monte Carlo solution for the emission. The result is 
an approach founded upon complete paths through the enclosure. These paths constitute a generalization 
of the line-of-sight concept to include the effects of scattering and boundary reflection. Line-of-sight based 
models for gas absorption can then be inco~omted without approximation. Sample results for the emission 
from a nonhomogeneous, nonisothermal cylindrical medium containing gray particles and a real gas are 

included. 

1. INTRODUCTION 

RADIATION heat transfer analyses have advanced 
greatly over the past several decades. The state-of-the- 
art has progressed from the analysis of homogeneous, 
isothermal enclosures that are of simple geometry and 
which contain nonscattering constituents, to the treat- 
ment of multidimensional enclosures with non- 
homogeneous, nonisothe~al, absorbing, emitting, 
and scattering constituents. Yet, as refined as some 
of the newer techniques are, they are incapable of 
rigorously treating problems with such simple caveats 
as a nontrivial boundary shape, arbitrary boundary 
reflectivities, arbitrary scattering phase functions, or 
path length-dependent gas-band models. 

Monte Carlo (MC) methods represent the only 
technique capable of easily incorporating almost any 
desired radiative feature. This approach is especially 
attractive since the time required to formulate an MC 
model for a particular application is often very brief, 
since the level of description is simple relative to the 
more mathematically-based approaches. The effort 
required to alter the algorithm to accommodate, say, 
a new boundary shape is also minimal. Of course, the 
advantage of flexibility that MC methods enjoy is 
balanced somewhat by their computational expense. 

The focus of this study is the reverse Monte Carlo 
technique, which is based upon the principle of reci- 
procity in radiative transfer theory as described by 
Case [I]. The application of the principle for our pur- 
pose results in the ability to exactly compute the flux 
or intensity at a point (differential detector area dA) 

and do so very efficiently. This is accomplished by 
tracking bundles in a time-reversed manner from an 
area element dd into the medium, rather than from 
the medium to dA, as in conventional ‘forward’ MC 
solutions. 

The reverse MC method is applied by Gordon [2] 
in a manner similar to that presented here and in a 
slightly different fashion by Collins et at. [3] and 
Adams and Kattawar [4]. However, in these cases, 
volumetric emission is not introduced, and the Iine- 
of-sight form for each path’s contribution to the inten- 
sity is not discussed. These references restrict them- 
selves to the calculation of reflection or transmission 
of incident energy at a boundary to a small detector. 
In the computer graphics field, ray-tracing, which is 
a simplified form of reverse Monte Carlo, has been 
extended to account for scattering of energy from 
light sources into the observer’s line-of-sight 15-Q 
However, none of these studies contribute for- 
mulations that introduce distinct paths as the basis 
for the energy transfer, as is done here. 

Several other applications of reverse MC appear 
in the literature. Notably, Edwards [9] discusses the 
calculation of intensity at a point within a gaseous 
medium with diffuse or specular walls. He presents 
the solution in terms of a zig-zag gaseous path through 
the medium, as will be done in this study. However, 
the approach is only briefly mentioned, and its rig- 
orous extension to a generalized medium, especially 
one with scattering constituents, is not apparent. 
Recently, Reardon et al. [lo] and Nelson [l l] apply a 
reverse MC algorithm to evaluate radiative emission 
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NOMENCLATURE 

a absorption coefficient [m- ‘1 Z axial coordinate for the cylinder [ml, one 

ad spectral absorption coefficient coordinate of the (x, y, z) system [ml, 

b-7 layer coordinate normal to the 
A area [m2] boundaries [ml. 

A, total surface area of the boundary 

h21 Greek symbols 
dA area element at which the flux or intensity B extinction coefficient, (a + a) [m ‘1 

is evaluated [m ‘1 E emissivity 

dA, surface area element [m”] 0 polar angle 

D cylinder diameter [m] K optical depth 

i total intensity [W m 2 sr ‘1 i wavelength [pm] 

lb total black-body intensity [W m-* sr ‘1 P reflectivity 

ri spectral intensity [W pm ’ m ’ sr - ‘1 0 scattering coefficient [m- ‘1 

I,Ib spectral black-body intensity cp circumferential angle 

[W pm-.’ me2 sr’] scattering albedo, a/(a + 0) 
I photon path length [m] : vector direction in the enclosure (<,q, p). 

I ml photon path length for the end of a path 
segment nearest I = 0 [m] Subscripts 

1 m2 photon path length for the end of a path ave average 

segment furthest from 1 = 0 [m] b black-body 

L height of cylinder [m] dh directional in-hemispherical out 

L 

mb 
surface area average mean beam length, i internal 

4V/A, [m] in incoming quantity 

M number of homogeneous cells which inc incident quantity 

compose a nonhomogeneous emission k bundle number 

path i. wavelength-dependent quantity 

n normal vector m length bin number 

N number of bundles max maximum 

P phase function mb mean beam length quantity 

4+ total flux received at area element dA out outgoing quantity 

[W m ‘1 S surface quantity 

4: spectral flux received at dA W wall 
mnrn-’ mm21 1 first problem of Case’s development 

r radial coordinate of the cylinder [m] 2 second problem of Case’s development 

r location in the enclosure * transformed path length. 

R random number on (0, 1) 

S1 spectral internal source Superscripts 
[W pm-’ m-3 sr-‘1 + positive direction 

T temperature [K] - negative direction 
V total medium volume [m ‘1 

I 
directional quantity, incoming direction 

X one coordinate of the (x, I’, z) system [m] for scattering 

Y one coordinate of the (x, y, Z) system [m] U bi-directional quantity. 

from scattering rocket plumes. However, their 
approach decouples the absorption and emission pro- 
cesses, a characteristic with practical disadvantages. 

In this study, Case’s formulation of the reciprocity 
principle is applied to account for both boundary 
and volumetric contributions to the emitted flux or 
intensity at a point. The distinguishing element of 
the development given here is that complete paths 
through the absorbing, emitting, and scattering 
medium are involved. The result is a solution founded 
upon a set of ray paths which generalize the concept 
of the line-of-sight to include the effects of scattering 

and boundary reflection. The emission/absorption 
process is thus conveniently structured as a synergistic 
path phenomenon, in contrast to models which con- 
sider the emission of energy from a distribution of 
sources and the subsequent absorption of that energy 
by the medium as uncoupled phenomena. 

This quality is especially important when one wishes 
to compute the emission from absorbing, emitting, 
and scattering media and incorporate, in an accurate 
manner, the behavior of real gases. Accurate models 
for gas absorption/emission, for example the narrow- 
band [12] and wide-band [13] models, have been 
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developed but have the disadvantage that the spectral 
absorption coefficient is not directly defined. Rather, 
band quantities which account for the action of many 
absorption lines in a spectral band are applied. Incor- 
porating the band models into a solution generally 
requires a rigorous inclusion of the path length depen- 
dence. The ray path-based, reverse MC technique is 
ideally suited for this requirement. In contrast, most 
solution techniques include the band models by defin- 
ing for each gas band a mean absorption coefficient 
based on some length scale, usually the mean beam 
length Lmb, despite the fact that this length is devoid 
of meaning in a scattering medium. Obtaining the 
total emission entails solving the radiative transfer 
equation for each spectral block or band. Such a pro- 
cedure has been applied and discussed by Mengiic and 
Viskanta [14, 151. As these authors note, the error 
introduced into such solutions by the gray-band 
approximation can be significant. Another difficulty 
is that the gas absorption is not even qualitatively 
represented properly [ 131. 

For radiative transfer solutions in scattering media, 
the only technique (other than the reverse MC method 
studied here) available in the literature that is capable 
of rigorously incorporating the path length-dependent 
gas-band models is the photon path length method, 
originally developed by Irvine [16] and extended to 
heat transfer applications by Buckius and co-workers 
[ 17-201. This approach involves calculating all poss- 
ible path lengths of the photons in a given medium. 
Once the distribution of path lengths is found at a 
given location, any absorption feature is included as 
a simple integration over path length. Such a radiative 
transfer solution is exact. Because the functional 
dependence on path length is explicitly derived, gas 
absorption and emission in a scattering medium can 
be accounted for using the exponential wide-band 
model or other gas-band models without approxi- 
mation. While the photon path length technique pro- 
vides solutions for such problems, the complexity of 
the resultant analytical equations is significant, even 
for the homogeneous layer. For arbitrary geometries, 
obtaining an analytical photon path length solution 
is prohibitive. 

In addition to the difficulty of incorporating gas 
phenomena rigorously, radiative transfer solutions 
must also be able to account for nonhomogeneity, 
nonisothermality, reflecting boundaries, and aniso- 
tropic scattering. Much work has been performed on 
solutions to incorporate the effects noted above [21- 
30]. However, none of these methods are com- 
prehensive in their ability to address all of the fol- 
lowing : arbitrary geometry, nonhomogeneity, non- 
isothermality, anisotropically scattering particles, 
reflecting walls with an arbitrary reflectivity, and rig- 
orous inclusion of path length-dependent real gas 
models. Significantly, the reverse MC approach allows 
the incorporation of all of these effects. The discussion 
to follow presents this approach in a form which 
allows incorporation of the path length-dependent 

absorption models for real gases for the case of a 
medium which also contains absorbing, emitting, scat- 
tering particles. After providing several test cases to 
demonstrate the validity of the approach for multi- 
dimensional, nonhomogeneous, nonisothermal, scat- 
tering media, the reverse MC concept is applied to a 
multidimensional, nonhomogeneous, nonisothermal, 
scattering medium containing both particles and a 
real gas to demonstrate the efficacy of the technique. 
The importance of nonhomogeneity and scattering to 
such problems is highlighted. 

2. SOLUTION DEVELOPMENT 

The medium to be treated is an arbitrarily shaped 
enclosure with absorbing, emitting, reflecting walls 
containing an isotropic, absorbing, emitting, scat- 
tering medium, as illustrated in Fig. 1. For generality, 
the analysis will be considered on a spectral basis ; 
this will be relaxed later. The enclosure walls are, in 
general, nonuniform both in temperature T(r,) and 
bi-directional reflectivity p;‘(r,, a,,, Q,,,). The direc- 
tional emissivity is E;(r,,Q) = 1 -~;~~(r$, -a) with 
(n-n) > 0; &,,(rs, Cl) is the directional in-hemi- 
spherical out reflectivity with (n-0) < 0. rs is the 
location of a differential wall element dA,, and R,, 
and aout are incoming and outgoing directions. Also, 
f3 is a polar angle, cp is a circumferential angle, and n 
is the surface normal vector at dA,, assumed positive 
when directed into the enclosure. (Note that L? is a 
unit vector described by Sz = (5, a,~), where 
5 = sin 0 cos cp, q = sin 0 sin cp, and p = cos 0). The 
participating medium has a temperature T(r), scat- 
tering coefficient a,(r), absorption coefficient ai( 
and phase function P,(r,Q,Q’) with r denoting the 
medium location. Scattering is assumed to be coher- 
ent. The phase function describes scattering from Jz’ 
to R, and the integral of Pi over all incident angles 
and the integral over all outgoing angles are equal to 
47~. Also, Pl(r, R, a’) = Pl(r, --a’, -a) ; that is, the 
phase function is time-reversal symmetric. Clearly, the 
medium is quite generalized, although effects such 
as dependent scattering, polarization, and medium 
anisotropy are not considered. 

“Ol”mc Ropcrdcs: vi?. qil. qa PLC’: R iTI 

surface Ropatic.6: T@ p;c?,,. If, ZQ 

FIG. 1. Multidimensional enclosure with an absorbing, emit- 
ting, reflecting boundary and absorbing, emitting, scattering 

constituents. 
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Intensity formulation 
Radiative heat transfer in a participating medium 

essentially involves solving, for the above enclosure, 
the integro-differential radiative transfer equation, 

(V*SI)i,(r,n) = s,(r,n)-[a,(r)+~;.(r)]i;(r,~) 

cl(r) 
+ -in P,(r, Ck, n’)i,(r, Q’) df2’ (1) 

along with the appropriate boundary conditions. In 
equation (l), i,(r. a) is the spectral intensity, and SJ, 
describes the internal source. For the medium 
described above, SA represents volumetric emission 
with S, = ~i(r)iib(T(r))r’ where ii, is the black-body 
intensity at temperature T. conventional MC 
approaches to solving equation (1) require a direct 
simulation of the physical processes involved. That is, 
photon bundles arise from internal sources and from 
any boundary emitter and proceed to interact with 
the medium in a stochastic fashion, undergoing 
absorption, scattering, and reflection processes 
according to the appropriate cumulative probability 
density functions. The result in most heat transfer 
applications is the flux or intensity distribution within 
the medium and at the boundary. 

To develop the necessary expressions for the reverse 
MC principle, consider two problems as related in 
the development of Case [l]. Let i,., (r,Q) denote the 
solution to the following radiative transfer problem 
in the enclosure of volume V: 

u,(r) 
+ 4n-- Jn 3 P;(r, i2, i2’)ii, (r, W) d&Z’. (2) 

Si, (r, &I) is the internal source distribution and 
PI = u1 +g,. At the enclosure boundary of total area 

A, 

iA (r, fz) = iA itnc@, fz) (3) 

for r on A, and (n*JZ) > 0, since the surface normal 
is taken to be directed into the enclosure. Similarly, 
consider a second solution, i,,(r, Q), to the problem 

(V*fi2)i,z(r,f2) = s,,(r,n)-81(r)i;?(r.S1) 

c1 09 
+ 47c Jn 

-1 P,(r,f2, O’)ilz(r, Q’) dSt’ (4) 

i;,,(r,SZ) = ij.,i,,(r,sL), (n-n) > 0 and r on A,. 

(5) 

Case demonstrates that these solutions are related by 
the following identity : 

-i2.,,,,(r,Q)i12(r, --WI) dadA, 

= PA. -Jt)SIt k a> 

-ii,,(r.R)SA2(r, -St)] dadr. (6) 

This equation presupposes that the scattering phase 
function satisfies 

P,.(r,Q,R’) = Pi(r, -W, -Q), (7) 

which implies time reversal symmetry. 
Now, consider the enclosure problem posed in 

relation to Fig. 1. The desired result is the intensity 
i;, fr, Q) at a location r in direction a. Thus, i;, is 
the solution given a thermal source and boundary 
incidence of the form : 

and 

Si., (r,LR) = ui(r)iih(Ur)) (8) 

il ,,“Jr, a) = ~~~(~(r)) for r on A, and (n * SZ) > 0. 

(9) 

For now, the boundary is assumed to be black with 
temperature distribution T(r). Now, let i,? be a solu- 
tion given the following conditions : 

S,,(r,SL) = 6(r-r,)G,(SL*SZ,) (10) 

and 

ii2&rr Q) = 0, (11) 

where S( ) is the delta function, 6?( ) = 0 when 

ga*fl,) # 0. s &r-r,) dr = 1, 
I 

and 

Sn2 corresponds to a collimated source at r, emitting 
unit spectral power into direction Sz,. The intensity of 
the beam as it emanates from the source is 

(12) 

where dA is taken to characterize the cross-sectional 
area of the collimated ray. Substituting equations (8).- 
(12) into equation (6) gives 

z 
ss 

[(n*C?)i,,(T(r))i,,(r, -Q]dQdA, 
A, (“.$I, > 0 

+ 
ss 
) 4n [i,dr, -W,(rPihV09)l dB&. (13) 

The intensity ii 1 (ri, -0,) for problem I at location r, 
in direction -R, (opposite that of the source emis- 
sion) is then the sum of an integral over the bounding 
surface and an integral over the volume. 

This last expression is the starting point for the 
development of the reverse Monte Carlo approach. 
Note that the unknown quantity in each of the inte- 
grals is the solution to problem 2 (or ilz) throughout 
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the enclosure. The advantage of this relationship is 
that problem 2 is a simpler problem to solve relative 
to problem 1 since it involves emission from a single 
point source rather than from the entire boundary 
and volume. In terms of the previous discussion, this 
relationship constitutes a reverse solution for the 
intensity at a point i,, (r,, -CA,). 

Reverse Monte Carlo development 
Monte Carlo now enters as a convenient method 

for affecting the solution to problem 2. This approach 
is also pa~icularly useful since it can provide complete 
paths through the medium, an attribute whose 
importance will become clear in the development to 
follow. The solution to problem 2 is accomplished by 
emitting N rays of energy from the source (SL2(rI, Q,)) 
at r, in direction a,. Each of the N collimated rays 
has an initial intensity of the form given by equation 
(12). After emission, each ray is tracked, in the sense 
of a Monte Carlo simulation, through the nonemitting 
medium of problem 2, undergoing scattering events, 
until intercepting the black enclosure boundary at 
some location rr and direction L?,. The MC technique 
used during tracking applies absorption suppression 
whereby scattering interactions determine the bun- 
dle’s path of travel and the weight of the bundle is 
exponentially attenuated along the path by absorption 
only. The length of bundle travel between scattering 
events and the direction of scatter are determined 
from the appropriate probability functions using the 
scattering coefficient and the phase function. An illus- 
tration of a complete bundle path is given in Fig. 2. 

For N such paths, the intensity iA,, computed using 
equation (13), is obtained as an average over the N 
samplings as 

iL,(rj, -ai) = i i iA&, --SW. 
k-i 

(14) 

FIG. 2. A complete ray path within the multidimensional 
enclosure. 

The individual illk values are obtained by noting that 
for an individual ray path, equation (13) reduces to 

iAIk(ri, --a,) = iib(T(rJ)) 

[S 
Kr,) [n - - f’h,] dA, 

xexp - an(r) dl’(r) 
0 dA - 

J’(V) 

exp - is q(r) d!“(r) 
0 1 x _~. 

dA 
dA d!‘(r). (1% 

Referring to Fig. 2, note that only area d.4, at location 
rs and direction -Q contribute to the first integral 
and the quantity in the brace ({ }) reduces to unity. 
In the second integral, only those volume elements at 
positions I: which lie along the ray path with local 
direction SZ contribute. In this equation, I(r) rep- 
resents the length of travel of the ray when at position 
r along the ray path, where I+,) = 0. Denoting 

W = LX and introducing a change of variable of 
the form I,(r) = t(r,) -I(r) allows the integrals in the 
above equation to proceed from Z&J = 0 to 

L&J = I,,, : 

‘,ll,. 
4drir -4) = MUM exp - 

[s 
al(r) Wr) 

0 1 

s 

/ ma” 
+ adrh(W) 

0 

c, 
xexp - 

[i 
al(r) d&,(r) df,(r). (16) 

i*(r) I 

If the zig-zag path is conceptually removed from the 
medium and straightened out to form an absorbing, 
emitting line-of-sight, the expression for in ,k is seen to 
be nothing more than that portion of the black wall 
intensity transmitted to r, by the path, added to the 
line-of-sight emission from the path. 

Clearly, the evaluation of the path intensity iLIk is 
the most significant element of the solution. To sim- 
plify the notation, assume that the ray path, defined 
with the kth tracking bundle, has a total length lkr and 
the absorption coefficient and temperature are known 
as a function of path length [T(Z), ai(Z I’ = 0 is 
taken to be at the te~ination point r, of the path at 
the enclosure boundary, I’ = 1, is at the location ri, 
and T, is T(r,). Equation (16) then becomes 

‘h 
lllk = 

s II 
ilb[T(l’)]al(l’> exp [ -1: aA dY] dl’ 

+i&Z’,J exp[ -[ al(Y) di’]. (17) 

If the path from I’ = 0 to I’ = 1, is a piecewise homo- 
geneous one through the nonhomogeneous, non- 
isothermal medium (a practical modeling assump- 
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tion), the first term in equation (17) is rewritten as a 
summation over M uniform cells along path & : 

In this equation, T, is the temperature of cell m along 
the ray path, and 1, 1 and ini define the length bound- 
aries of cell m. J,#, is the cell boundary nearest f’ = 0 
(boundary point) and lp,2 is the cell boundary nearest 
I’ = lk (location r,). For a more complex medium con- 
taining particles and real gas, developing the equa- 
tions for path intensity is relatively straightforward. 

(4 

Thus, an MC simulation ofthe above, in computing 
the intensity iJ, (r,, -Sz,), considers N ray paths deter- 
mined from Monte Carlo by ejecting tracking bundles 
in the +Q direction, Each of the tracking bundles is 
followed through scattering interactions until encount- 
ering the black enclosure boundary. At that point, 
the resultant zig-zag path is considered as a line-of- 
sight from the black wall, through the ~~~~~~~~~g and 
ern~ttjng enclosure constituents, back to the point of 
ejection r,. Equation (18) is used to compute the path 
intensity, and the average over-all ray paths in equa- 

(b) 

tion (14) gives i,,(r,, -52,). Tracing the ray paths is FG 3. The computation of the directional flux at an interior 

thus equivalent to a time reversal or backward track- 
area element dA. (a) Tracking bundle paths. (b) Paths for 

emission. 
ing of the photons which contribute to the intensity 
desired. This is possible precisely because of the time 
reversal symmetry characteristic of the scattering 
phase function. 

The importance of equation (18) and the cor- (19) 
responding equations involving gases and particles is 
that all are in terms of transmission quantities where ii ,t, is computed using equations (16)(18) 
exp I-K] or explicitly invofve band quantities, evalu- 
ated for a specific, complete path through the encfos- 

(n * Z&) < 0 for q,f, , and (o-Q,,) > 0 for Y,:, The 
initial direction of the ray path for each intensity 

ure. (Recall that the commonly used gas-band models calculation is + $2, , 
require a path-based description of the participating 
medium since gas spectral absorption coefficients are Nonblack boundary conditions 
not defined.) Thus, radiative transfer calculations Thus far, the enclosure walls have been considered 
using the ray paths rigorously include a11 gas effects. black, and the boundary’s contribution to the path 

intensity is black-body intensity ilh, evaluated at the 
Radiative heat,flux calculations local wall temperature T(r,). If instead the walls are 

If the calculation of the flux at a point rather than reflecting, it is convenient to view each area dA, as 
the intensity is desired, the procedure outlined above conceptually composed of fractional areas that are 
changes very little. As shown in Fig. 3, the solution perfectly reflecting and perfectly absorbing (and emit- 
for the emitted flux into either the positive or negative ting). If the surface is diffuse, a fraction pA(r,) perfectly 
hemisphere (relative to the positive normal n) of an reflects and am = ol;_(r,) = 1 -pL(rl) perfectly ab- 
element dA at r, is computed by diffusely releasing sorbs. Thus, when a bundle is tracked to the bound- 
tracking bundles (in the sense of an MC solution) into ary, a random number R, is generated and compared 
the opposite hemisphere to locate the ray paths. (This to p,(r,). If R, c: pA(r,), the ray is reflected diffusely, 
methodology is the stochastic equivalent of inte- and its history is continued just as if it had been 
grating an appropriately weighted directional inten- scattered. If R, > pi(rb), the ray path is ended, and 
sity over the appropriate hemisphere.) The flux is then the boundary condition for evaluating the path inten- 
evaluated as a summation of path intensities. Thus sity is ilh(T(rr)). This method implicitly accounts for 
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reflection and does so in a way which ultimately allows 
the path intensity to be computed using equation 
(16)-( IQ, just as before. The only caveat is that the 
zig-zag paths now incorporate surface interactions as 
well as particle scattering. 

For a more complex surface, characterized by a bi- 
directional reflectivity p;(r,, R,,, Q,u,)r the effects of 
directionally dependent absorptivity, reflectivity, and 
emissivity must be included. To do so, one again 
applies the perfectly reflecting, perfectly absorbing 
concept but on a directional basis. In the following, 
the bi-directional reflectivity is assumed to have time- 
reversal symmetry, whereby 

~~(rs,~i~,,~‘,“,~ = PItrs3 -%ut, -%tf. (20) 

As a ray path intersects the boundary in some direc- 
tion Cni”, a random number R, is tested against the 
directional in-hemispherical out reflectivity, &,(rs, 
a,). Therefore, the fraction of dA, that is perfectly 
reflecting is p id,, or drrection Q,, with the fraction f t 
(1 -p&J perfectly absorbing. If reflection occurs, the 
direction fit,,, is then sampled from the bi-directional 
reflectivity. Realistic wall interactions therefore intro- 
duce little added complexity to the calculation of the 
path intensity. In fact, the scattering and reflection 
interactions are treated in a similar fashion. This is 
directly attributable to the time-reversal symmetry of 
both the bi-directional reflectivity and the scattering 
phase function. 

Strengths of the reoerse MC solution 
A primary benefit of the reverse MC solution out- 

lined above is the conceptual understanding it affords. 
With the solution structured as a set of ray paths, 
one interpretation to the physical problem is that the 
scattering and reflection influenced paths are a logical 
extension of the line-of-sight to scattering, reflecting 
media. In fact, one can easily demonstrate that for 
a non-scattering medium with transparent, black 
boundaries, the ray paths reduce to simple lines-of- 
sight and, clearly, are valid artifices for calculating the 
radiative transfer. On an even more fundamental level, 
the reverse rays allow volumetric radiative emission 
to be considered as a path phenomenon rather than a 
volumetric one. Thus. a convenient term to use for 
the rays is emission paths. 

Also, as stated before, the emission paths are 
invaluable in their ability to return the flux or intensity 
at a point, exactly (given an infinite number of rays), 
for an enclosure which contains a real gas in addition 
to scattering constituents and reff ecting surfaces. Since 
reverse Monte Carlo, unlike most solution techniques, 
is based upon complete paths through the medium, a 
direct application of the line-of-sight-based gas-band 
models is possible. An example of the incorporation 
of a real gas into an enclosure emission analysis is 
provided in the next section. 

Another strength is that the emission paths are sim- 
ple geometric entities defined using only the particle 
scattering coefficient Ok, phase function PA, and 

boundary reflectivity pi. Over wavelength intervals 
where ol, Pi, and & can concurrently be considered 
gray, a single set of N emission paths is applicable. 
Generally, the absorption and emission spectra of 
surfaces and particles are of a much more continuous 
nature than those of gases, and averaging of particle 
and surface properties over wavelength intervals large 
relative to the widths of gas bands is a valid modeling 
approach. Thus, the number of necessary spectral 
radiative transfer solutions is significantly reduced 
when evaluating a wavelength-integrated flux or 
intensity for a problem involving real gases. With gray 
particles and surfaces, one set of N ray paths applies 
for all wavelengths. 

3. RESULTS 

Several test cases and representative results for gas- 
particle media are now presented to demonstrate the 
reverse Monte Carlo (emission path) concept. The 
computer code written to apply the methodology 
described above is capable of returning the medium- 
emitted flux or normal intensity at any location on the 
boundary of an axisymmetric cylinder. The scattering 
medium may be nonhomogeneous and nonisothermal 
and may contain both gray particles and real gases 
(CO; and H,O). Wide-band modeling and non- 
homogeneous scaling of the wide-band parameters 
[ 131 are used to describe the gas absorption and emis- 
sion. The azimuthally symmetric, anisotropic particle 
phase function is taken to be independent of incident 
direction. The boundaries of the medium have a uni- 
form temperature r, and are either black or diffuse 
and gray. 

Test cases 
For the test cases presented here, attention is re- 

stricted to a nonhomogeneous, nonisothermal, iso- 
tropically scattering, gray-particle medium with trans- 
parent boundaries, and the total medium-emitted flux 
to area elements on the boundary is computed. Where 
possible, comparisons against reported values in the 
literature are performed. Otherwise, a forward MC 
code. which applies a straightforward volumetric 
emission methodology, is used to obtain the radiative 
Rux at bounda~ locations of planar and cylindrical 
media. 

For the first test, radiative transfer results for iso- 
thermal, absorbing, emitting, and isotropically scat- 
tering two-layer slabs with transparent boundaries are 
studied. To simuiate a slab, the emission path code 
uses a cylinder with a diameter D that is very large 
relative to its height L (D/L = 4000). The slabs are 
constructed of two sublayers with differing values of 
extinction coefficient (fl = o+aj and/or albedo 
(w = c/P). Exact values of slab reflectivity and trans- 
missivity, from which emissivity may be derived, are 
provided in studies by &isik and Shouman [3 I ] and 
Shouman and &isik 1321. A targe number of com- 
parisons were performed between these emissivity 
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values and those computed by the emission path code. 
Generally, the computed emissivities were accurate to 
three significant digits with a relative uncertainty 
(99% confidence interval) of less than $0.8%. 
Although the number of tracking bundles differed for 
each run, seven or eight iterations with 10 000 bundles 
were typical. For all runs, the exact values from ozisik 

and Shouman lay within the predicted 99% con- 
fidence interval. 

The second test case involves a nonhomogeneous, 
absorbing, emitting, and isotropically scattering slab 
which is also nonisothermal. The properties within the 
slab are illustrated in Fig. 4. The computed radiative 
fluxes at the transparent boundaries from the emission 
path code are compared below to values returned by 

the forward (conventional) MC code : 

z= 0 

emission path code : y = 53 974 + 292 W m _ ’ 

forward MC code : q = 53872+568Wm-’ 

z=L 

emission path code : q = 88 162 + 503 W m ’ 

forward MC code : q = 87803rt763Wmm’. 

These ranges identify a 99% confidence interval. In 
each case, the average value from the emission path 
code lies within the predicted confidence interval from 

the forward MC code. 
Several tests involving cylindrical media were also 

performed. Thynell and ijzisik [33] provide values of 

the emitted flux from an absorbing, emitting, and 
isotropically scattering infinite cylinder with a radially 

varying radiative source. The emitted flux at the cylin- 
der’s boundary was computed using the emission path 
code for various values of [I and w and compared to 
results reported in the above study. The computed 
fluxes differed from the reported values by less than 

0.4%. Also, for each case, the reported value fell 
within the computed 99% confidence interval, which 

indicated a relative uncertainty of less than + 1.2% 
(usually less than +0.75%). 

B=ld 

0 = 0.5 

Tix? 

z 
I- I I (-J-L* I I 

II II 

II II 
0.5 

z [ml 

FIG. 4. Properties within a nonhomogeneous, nonisothermal 
slab with transparent boundaries. 
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p= 1.5m-’ 
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FIG. 5. Properties within the finite test cylinder 

Two other tests were performed using finite, non- 
homogeneous, nonisothermal cylinders with an iso- 
tropically scattering constituent, and comparisons 
were made between boundary fluxes computed via 
the emission path code and those computed via the 
forward MC code. Since the results of the two tests are 
similar, only the first is described here. The properties 
within the finite test cylinder are identified in Fig. 5. 
In Fig. 6, the radiative fluxes q at the z = 0 and z,,, 

planes are plotted as a function of radius. The radi- 
ative flux at various axial locations is plotted in Fig. 
7. To indicate the influence of scattering, the fluxes 

that result if scattering is removed (0 = 0) are com- 
puted with the forward MC code and are also plotted 
in Figs. 6 and 7. Error bars are not included in the 
figures since they are indistinguishable from the plot 
symbols. Note that the results from the forward MC 
code are represented by lines rather than individual 

,_ 
II 

, _ 

- --- - forward MC cede without scattering (o = 0.0) 
. emission path code with scattering 

02 04 0.6 0.8 1.0 
Radial Location, r[ml 

FIG. 6. Emitted fluxes for scattering and nonscattering con- 
ditions at the z = 0 and z,,, boundaries for the finite test 

cylinder. 
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_ , . 
0 I 2 
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FIG. 7. Emitted fluxes for scattering and nonscattering con- 
ditions at the r = rmai boundary for the finite test cylinder. 

symbols to indicate that these results apply over finite 
area elements (five radial disks at each end and ten 
axial bands) not at specific radial or axial locations. 
Also, because the forward MC results apply as aver- 
age values over a finite area, they do not exactly match 
the emission path results, which apply at precise 
locations. Nonetheless, the results from the two codes 
agree very well. 

Nonhomogeneous scattering results 
The success of the collection of test cases provided 

above serves to validate the operation of the reverse 
MC code. Now, to demonstrate an application to 
nongray media, a sample case is presented involving a 
nonhomogeneous, nonisothermal, cylindrical mixture 
of isotropically scattering, gray particles and a real 
gas (CO,). The boundary is taken to be transparent. 
Because the scattering particles are gray, the flux to a 
specific area eiement dA on the boundary is computed 
using a single set of emission paths. That is, the paths 
are valid for all wavelengths and a block trans- 
missivity formulation 1131 is used to evaluate the gas- 
particle path intensity needed in equation (19). 
Although equation (19) is written in terms of a spec- 
tral calculation for qn, the same equation applies for 
evaluating the total flux q if the subscript A is removed 
from all quantities. 

The axisymmetric medium investigated is a cylinder 
that is uniform in the axial direction with length 
Z max = 3 m and radius I,,, = 0.5 m. While the scat- 
tering albedo of the particle is fixed at o = 0.99, the 
extinction coefficient p of the particulate and tem- 
perature T vary with radius r as described in Fig. 8. 
The distributions for /? and T were chosen to dem- 
onstrate the effect of shielding by an optically thick 
cold region near the wall and to emphasize the necess- 
ity for proper consideration of nonhomogeneities. 
Because the emission path code requires a homo- 
geneous cell structure in describing the medium, the 
boundary layer region is approximated with five uni- 
form concentric volume elements. The gaseous con- 
stituent is CO, at a uniform pressure of 1 atm. The 
total emitted flux q of the gas-particle medium is 
plotted for precise locations along the z = 0 (or z,,~) 

o-i...,............-. 
0.0 0.1 0.2 0.3 0.4 c. 

Radial I.omlim, r Iml 

(4 

I. , I.. . I. ” p ‘. 

0.0 0. I 0.2 0.3 0.4 r-=0.5 
Radial Lmlion. r Iml 

@I 

FIG. 8. The radial distributions of extinction coefficient and 
temperature within the axially uniform cylindrical medium. 
(Values shown on the graphs are the specific values at each 

step.) (a) Extinction coefficient. (b) Temperature. 

boundary in Fig. 9 and for locations along the r = rmax 
boundary in Fig. 10. Also included is a 99% con- 
fidence interval for each computed value, although 
the error bars are usually indistinguishable. 

For comparison, the emitted fluxes for two other 
cases are included in Figs. 9 and 10. The first involves 
the fluxes that result if scattering is neglected. That is, 
the particle scattering coefficient (r is set to zero while 
retaining the original values of particle absorption 
coefficient a and temperature T, obtainable from Fig. 

FIG. 9. Emitted fluxes at the z = 0 or zmaX boundary 01 
an axially symmetric cylindrical medium (shown in Fig. 8) 

containing a gas (CO,) and particles. 
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FIG. 10. Emitted fluxes at the r = r,,,, boundary of an axially 
symmetric cylindrical medium (shown in Fig. 8) containing 

a gas (CO,) and particles. 

8. The original gas properties are also retained. Thus, 
the effect of the optically thick scattering region near 
the sides of the cylinder can be investigated. The 
second case involves the fluxes from a homogeneous 

medium with a volume-averaged temperature 

and average particle extinction coefficient 

(22) 

The scattering albedo retains its value of 0.99, and 
the gas conditions are unchanged. By comparing the 
emitted flux from this homogeneous cylinder with that 
of the original medium, the importance of properly 

accounting for nonhomogeneities is demonstrated. 
Several important observations follow. First, for 

the gas-particle emitted flux in Figs. 9 and 10, note 
that at the base (z = 0 plane in Fig. 9), the flux is very 
high for the nonhomogeneous, w = 0.99 case. The 
implication is that the high degree of scattering near 
the side walls acts like a reflecting boundary, chan- 
neling core emission to the base planes. Nearer the 
corners (r = r,,,, and z = 0) and on the sides 

(r = rmax y ) scattering in the optically thick region 
adjacent to the sides acts as a shield, obstructing the 
view of the hot core. When scattering is removed from 
the medium (the nonhomogeneous, w = 0 case), the 
shielding due to scattering is absent and emission to 
the side walls and corners increases, as seen in Figs. 9 
and 10. Near the center of the base, the emission is 
reduced from that of the scattering case since the 
channeling effect noted above is removed and core 
emission can escape the medium in any direction. 
The results from the homogeneous case illustrate the 
importance of accurately describing the true non- 
homogeneous nature of the medium. The emitted flux 
for all locations around the cylinder differs greatly 
from the nonhomogeneous, w = 0.99 results, despite 

the use of reasonable average values for /j and 7: 
Apparently, under the assumption of homogeneity, 
the core temperature is reduced, which directly 
reduces the emission to the center of the base. Near 
the corners and on the sides, the emission is increased 

over both nonhomogeneous cases, probably because 
the temperature of the region adjacent to the side walls 
is much greater. Self-absorption of energy emitted by 
the gas in the core by gas in the cold boundary region 
is not a factor for the homogeneous medium. 

4. CONCLUSIONS 

The concept of the emission path has been intro- 
duced. This concept can be viewed as an extension of 
the line-of-sight to scattering, reflecting media with 
arbitrary scattering phase functions and arbitrary bi- 
directional reflectivities at surface elements. Because 

the path length basis for the method allows the rig- 
orous incorporation of length-dependent gas-band 
models, exact calculations of emission (flux or 
intensity) are possible for multidimensional, non- 

homogeneous, nonisothermal media with reflecting 
boundaries and which contain mixtures of gases and 
particles (or other nongaseous constituents). More 
fundamentally, the emission path provides an alter- 
native way of viewing emission from scattering, 
reflecting media. That is, emission can be considered 
as a path phenomenon rather than a volumetric one. 

For radiative emission in participating media, this 
interpretation leads to the definition of meaningful 
characteristic lengths, such as those introduced by 

Walters and Buckius [34, 351. 
Another strength of the reverse Monte Carlo (emis- 

sion path) method is its computational efficiency and 

excellent variance characteristics. Every bundle path 
contributes to the desired result, and the reverse trac- 
ing technique implicitly identifies those volume and 
surface elements that are radiatively significant. By 
contrast, forward (conventional) MC solutions re- 
quire the emission of photon bundles from cvery- 
where within the enclosure with only a small fraction 
contributing to the radiative transfer value evaluated 
at a particular detector element. Thus, in computing 
the emission over the entire boundary of a medium 
and at selected internal locations to a given level of 
precision, it is arguable that the reverse approach 
requires less computation time than the forward. The 
forward solution may lead to a large fraction of emit- 
ted bundles being collected within relatively few area 
elements, with all other elements receiving very few 
bundles. Because a result’s precision is related to the 
number of bundles which contribute to it, the emission 
value at an element that receives few bundles will have 
a large variance. The reverse approach, on the other 
hand, has the advantage of requiring no more and no 
less bundles than necessary at each detector location 
since the locations arc treated individually. 

The emission path concept has clear applicability 
to many studies involving participating media. For 
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example, computer graphics applications which 
involve participating media are quite compatible with 
the emission path concept since in many respects it 
is a logical extension of the ray-tracing algorithms 
commonly used. For many radiative heat transfer 
problems, the emission path approach may be too 
computationally time consuming. Yet, in providing a 
technique able to rigorously incorporate path length- 
dependent gas-band models into problems involving 
scattering and boundary reflection, the approach is 
both significant and useful. 
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